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The ghost for world-sheet reparametrization invariance is not a fundamental field in
the pure spinor formalism. It is written as a combination of pure spinor variables which
have conformal dimension two and such that it commutes with the BRST operator to
give the world-sheet stress tensor. We show that the ghost variable defined in this way is
nilpotent since the OPE of b with itself does not have singularities.
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1. Introduction
The pure spinor formalism was invented ten years ago by Berkovits to provide a co-
variant quantization of the superstring [1]. The idea is to construct an action for the
superstring which preserves spacetime supersymmetry and describes the superstring spec-
trum. In a flat background, the action depends on the ten-dimensional superspace variables
and a bosonic pure spinor variable necessary for conformal invariance. Besides, Berkovits
introduced a BRST charge which allows quantization. The spectrum coincides with the
Green-Schwarz result in the light-cone gauge [2]. The spectrum can also be described in a
ten-dimensional covariant manner [3]. Tree-level scattering amplitudes were defined in [4]
where it was shown that this prescription reproduces certain RNS results.
A prescription to compute loops in scattering amplitudes was defined in [5]. It allows
to show some vanishing theorems of supergravity effective actions. However complications
coming from picture-changing operators can be avoided by adding new variables to the
formalism without changing the physical content of the theory. This was done in [6] where
the new variables also satisfy pure spinor conditions. This leads to the non-minimal pure
spinor formalism that will be reviewed below.
The organization of this paper is as follows. In Section 2 we review the pure spinor
formalism in the minimal and non-minimal versions. In section 3 we discuss general prop-
erties of the b b OPE and determine its vanishing by using cohomology arguments.
2. Reviewing The Pure Spinor Formalism of the Superstring
Consider a string in a flat ten-dimensional spacetime. The world-sheet action is given
by
S =
∫
d2z
1
2
∂Xm∂Xm + pα∂θ
α + ωα∂λ
α, (2.1)
where (Xm, θα) are the coordinates of the N = 1 superspace in ten dimensions2, pα is the
canonical conjugate of θα, the pure spinor λα is constrained to satisfy
(λγmλ) = 0, (2.2)
where γm are the symmetric 16 × 16 Pauli matrices in ten dimensions. The canonical
conjugate ωα of the pure spinor is defined up to
δωα = (λγm)αΛ
m. (2.3)
2 That is, m = 0, . . . , 9 and α = 1, . . . , 16.
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Note that (2.2) and (2.3) imply that λ and ω have eleven independent components re-
spectively. This assures the conformal invariance of the action (2.1) since the total central
charge vanishes.
The quantization of this system is done after defining Q =
∮
λαdα as BRST of the
theory. Here, dα is a supersymmetric combination of X, p, θ given by
dα = pα −
1
2
(γmθ)α∂X
m
−
1
8
(γmθ)α(θγ
m∂θ). (2.4)
Note that Q2 = 0 is consequence of the OPE
dα(y)dβ(z)→ −
γmαβΠm
(y − z)
, (2.5)
and the pure spinor condition (2.2). Here Πm = ∂Xm + 12(θγ
m∂θ) is the supersymmetric
momentum. The OPE algebra among (dα,Π
m, ∂θα) will be necessary below. To complete
it, we need [7].
dα(y)Π
m(z)→
(γm∂θ)α
(y − z)
, dα(y)∂θ
β(z)→
δβα
(y − z)2
, Πm(y)Πn(z)→ −
ηmn
(y − z)2
(2.6)
Although it is not known if Q is a genuine BRST charge, in the sense that the gauge
symmetry which is being fixed is unknown, we can study the cohomology of Q and see if
it has some physical meaning. It turns out that the cohomology of Q is equivalent to the
spectrum of the Green-Schwarz superstring as it was demonstrated in [2] using the light-
cone gauge. In a covariant language, the physical states are described by ghost number one
vertex operators. For massless states, the vertex operator U = λαAα(X, θ) satisfies the
equations of motion and the gauge invariance of super-Maxwell system in ten dimensions
after declaring that U is in the cohomology of Q, that is QU = 0 and U ∼ U + QΩ.
Similarly, the first massive state was discussed in [3].
The pure spinor variables enter in invariant combinations under (2.3). If we con-
sider holomorphic combinations only, we have the possibilities Tpure = −ωα∂λ
α, which
contributes to the stress tensor, J = −ωαλ
α, which can be defined as the ghost number
current, and Nmn = 1
2
(λγmnω), which can be defined as the Lorentz current for the pure
spinor variables. Of course we can define others combinations that are invariant under
(2.3), but they can be written in terms of (Tpure, J, N
mn). We will need the OPE algebra
between J and Nmn, it is [8]
J(y)J(z)→ −
4
(y − z)2
, J(y)Nmn(z)→ 0, (2.7)
2
Nmn(y)Npq(z)→
3
(y − z)2
ηm[pηq]n −
1
(y − z)
(ηm[pN q]n − ηn[pN q]m).
To compute scattering amplitudes, the formalism needs to break manifest Lorentz
invariance [5]. In order to preserve Lorentz covariance, it is necessary to modify the
formalism without spoiling its properties. This is the non-minimal pure spinor formalism
[6]. We add new variables. They were called non-minimal variables in [6] and are a bosonic
spinor λα and a fermionic spinor rα constrained to satisfy
(λγmλ) = 0, (λγmr) = 0. (2.8)
Note that these constraints imply that λα and rα have eleven independent components
respectively. The action for them is of the form
Snm =
∫
d2z ωα∂λα + s
α∂rα, (2.9)
where ωα is the canonical conjugate of λα and s
α is the canonical conjugate of rα. Each
conjugate variable has eleven independent components because the gauge invariance
δωα = (γmλ)αΛm − (γ
mr)αΛ˜m, (2.10)
δsα = (γmλ)αΛ˜m.
At this point we could ask if it is possible to construct a b ghost. In the minimal
version it is possible to write [8]
b =
CαG
α
Cαλα
, (2.11)
where Gα is
Gα =
1
2
Πm(γmd)
α
−
1
4
Nmn(γmn∂θ)
α
−
1
4
J∂θα −
1
4
∂2θα, (2.12)
and satisfies QGα = λαT with T being the stress tensor [8]. Since Cα is a constant spinor,
the b ghost defined in this way is clearly non covariant. In the next section we will review
how to define a covariant b ghost using the non-minimal variables. Before, we will study
some general properties that can be learnt for an arbitrary b ghost.
3. Nilpotency of the b Ghost
In this section we will argue that the b ghost of the non-minimal formalism is nilpotent.
We will perform a general analysis first, by constraining the form of the b b OPE dictated
from conformal invariance and BRST invariance.
3
3.1. Generic analysis
The b ghost comes from gauge fixing the parametrization invariance of a string. In
the conformal gauge, it is a world-sheet field of conformal dimension two which is nilpotent
and satisfies
Qb = T, (3.1)
where Q is the BRST charge and T is the stress tensor. The generic OPE of b with itself
has the form
b(y)b(z)→
O0(z)
(y − z)4
+
O1(z)
(y − z)3
+
O2(z)
(y − z)2
+
O3(z)
(y − z)
, (3.2)
where On is a field of conformal dimension n which are not necessarily primary fields.
Now we are going to impose some restrictions on these fields. The first ones come from
the Grassmannian nature of b, from which we know that b(z)b(y) = −b(y)b(z) is satisfied.
Using this and the expression (3.2), we obtain
O0 = 0, O2 =
1
2
∂O1. (3.3)
Up to now we have,
b(y)b(z)→
O1(z)
(y − z)3
+
1
2
∂O1(z)
(y − z)2
+
O3(z)
(y − z)
. (3.4)
Now, we will apply the stress tensor T (w) to this expression and we use the fact that the
b ghost is a primary field [9]. On the l.h.s. we obtain
T (w)b(y)b(z)→ (
2b(y)
(w − y)2
+
∂b(y)
(w − y)
)b(z) + b(y)(
2b(z)
(w− z)2
+
∂b(z)
(w − z)
),
and now we use (3.4) to get
2
(w − y)2
(
O1(z)
(y − z)3
+
1
2
∂O1(z)
(y − z)2
+
O3(z)
(y − z)
)
+
1
(w − y)
(
−3O1(z)
(y − z)4
−
∂O1(z)
(y − z)3
−
O3(z)
(y − z)2
) +
2
(w − z)2
(
O1(z)
(y − z)3
+
1
2
∂O1(z)
(y − z)2
+
O3(z)
(y − z)
)
+
1
(w − z)
(
3O1(z)
(y − z)4
+
2∂O1(z)
(y − z)3
+
1
2
∂2O1(z)
(y − z)2
+
O3(z)
(y − z)2
+
∂O3(z)
(y − z)
).
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We organize this in terms of expansion in inverse powers of (y − z) and inverse powers of
(w − z). To do this we need to use
1
(w − y)
=
1
(w − z)
+
1
(w − z)2
(y−z)+
1
(w − z)3
(y−z)2+
1
(w − z)4
(y−z)3+O((y−z)4),
1
(w − y)2
=
1
(w − z)2
+
2
(w − z)3
(y − z) +
3
(w − z)4
(y − z)2 +O((y − z)3),
to obtain
1
(y − z)3
(
O1(z)
(w − z)2
+
∂O1(z)
(w − z)
) +
1
(y − z)2
(
O1(z)
(w − z)3
+
∂O1(z)
(w − z)2
+
1
2
∂2O1(z)
(w − z)
)
+
1
(y − z)
(
3O1(z)
(w − z)4
+
∂O1(z)
(w − z)3
+
3O3(z)
(w − z)2
+
∂O3(z)
(w − z)
).
Applying T (w) on the r.h.s. of (3.4), and comparing with the above expression we deter-
mine the OPE’s between the stress tensor and the O operators. We obtain
T (w)O1(z)→
O1(z)
(w − z)2
+
∂O1(z)
(w − z)
, (3.5)
which implies that O1 is a primary field,
1
2
T (w)∂O1(z)→
O1(z)
(w − z)3
+
∂O1(z)
(w − z)2
+
1
2
∂2O1(z)
(w − z)
,
which is consistent with the TO1 OPE, and
T (w)O3(z)→
3O1(z)
(w − z)4
+
∂O1(z)
(w − z)3
+
3O3(z)
(w − z)2
+
∂O3(z)
(w − z)
, (3.6)
which states that O3 is not primary.
Consider again (3.4). Now we act this expression with Q and use the fact that the b
ghost is primary. On the l.h.s we obtain
Qb(y)b(z)− b(y)Qb(z) = T (y)b(z)− T (z)b(y)→ 0.
On the r.h.s, this implies that QO1 = QO3 = 0.
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3.2. The pure spinor case
Now, we consider the BRST charge and the b ghost for the pure spinor in its non-
minimal version. The BRST charge is given by
Q =
∮
λαdα + ω
αrα, (3.7)
and the b ghost is given by
b = b
−1 + b0 + b1 + b2 + b3 (3.8)
= −sα∂λα +
1
(λλ)
λαG
α
−
1
(λλ)2
λαrβH
αβ
−
1
(λλ)3
λαrβrγK
αβγ +
1
(λλ)4
λαrβrγrδL
αβγδ,
where (G,H,K, L) are conformal dimension 2 fields which satisfies
QGα = λαT, QHαβ = λ[αGβ], QKαβγ = λ[αHβγ], QLαβγδ = λ[αKβγβδ], λ[αLβγδρ] = 0.
(3.9)
These fields depend on the minimal fields in the form
Gα =
1
2
Πm(γmd)
α
−
1
4
Nmn(γmn∂θ)
α
−
1
4
J∂θα −
1
4
∂2θα, (3.10)
Hαβ =
1
192
γαβmnp((dγ
mnpd) + 24NmnΠp), (3.11)
Kαβγ =
1
16
γ[αβmnp(γ
md)γ]Nnp, (3.12)
Lαβγδ =
1
128
γ[αβmnp(γ
pqr)γδ]NmnNqr. (3.13)
Note that when the triple pole in the b(y)b(z) OPE vanishes, (3.4) will be of the form
b(y)b(z)→
O3(z)
(y − z)
, (3.14)
where O3 is a primary conformal dimension 3 field which is annihilated by Q. Cohomology
arguments will imply that O3 is BRST trivial. Moreover, we will show that O3 vanishes if
we demand supersymmetry covariance and use cohomological arguments due to the form
of the BRST charge (3.7).
The OPE b(y)b(z) is an expansion in powers of rα. The term r
n comes from contrac-
tions between bk with bn−k with k = 0, 1, 2, 3. Now we will show that the triple pole in
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this OPE vanishes order by order in powers of r because the pure spinor conditions for the
non-minimal variables (2.8).
At order r0 , we consider the OPE’s b
−1(y)b1(z) − (y ↔ z) and b0(y)b0(z). Only
the last one will produce a triple pole. In fact, it comes from the OPE between the term
Πm(γmd)
α in (3.10) with itself. It is of the form
Πm(γmd)
α(y)Πn(γnd)
β(z)→
1
(y − z)3
γαβm Πm(z) + · · · .
Therefore, it vanishes after hitting with λαλβ/(λλ)
2 because the pure spinor conditions
(2.8).
At order r1 , we consider the OPE’s b
−1(y)b2(z)− (y ↔ z) and b0(y)b1(z)− (y ↔ z).
The last OPE produces a triple pole. It comes from contractions between first term in
(3.10) with the first term in (3.11). We obtain an OPE of the form
Gα(y)Hβγ(z)→
1
(y − z)3
γβγmnp(γ
mnpd)α + · · · .
After hitting with λαλβ/(λλ)
3 we obtain that this singularity is proportional to
(λγmnpd)(λγmnpr),
which vanishes after factoring out λαλβ , symmetrizing in (αβ) and using the identity for
the gamma matrices
(γm)(αβ(γm)
γ)δ = 0. (3.15)
At order r2 , we consider the OPE’s b
−1(y)b3(z) − (y ↔ z), b0(y)b2(z) − (y ↔ z)
and b1(y)b1(z). The last two possibilities determine triple pole singularities. Consider first
b0(y)b2(z)− (y ↔ z). The triple pole comes from contractions between the second term in
(3.10) with (3.12). We also obtain a fourth pole. The result is
Gα(y)Kβγδ(z)→
1
(y − z)4
(γmnγp)
α[β(γmnp)γδ] +
1
(y − z)3
(γmnγp)
α[β(γmpq)
γδ]Nnq
+
1
(y − z)3
(γm)α[βγγδ]mnpN
np + · · · ,
which vanishes after hitting with λαλβrγrδ because of the pure spinor conditions. Note
that the fourth pole vanishes, but it potentially implies a third pole singularity since we
need to expand λ(y) around z. It also vanishes because (∂λγmλ) = 0. Consider now
b1(y)b1(z). The triple and higher poles come from contractions between the first term in
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(3.11) with itself and between the second term in (3.11) with itself. After hitting with
λαrβ/(λλ)
2(y)λγrδ/(λλ)
2 we obtain
1
(y − z)4
(λγmnpr)(y)(λγ
mnpr)(z) +
1
(y − z)3
(λγmnpr)(y)(λγ
mn
qr)N
pq(z) + · · · ,
which vanishes because of (3.15).
At order r3 , we consider the OPE’s b0(y)b3(z) − (y ↔ z) and b1(y)b2(z) − (y ↔ z).
Consider first b0(y)b3(z). The triple and higher poles come from contractions between the
second term in (3.10) and (3.13). Using the OPE algebra for Nmn and multiplying by
λα(y)λβrγrδrρ(z), we obtain
1
(y − z)3
(λγmn∂θ)(rγ
mpqr)(λγpq
nr).
Factoring out λα from the first term, λβ from the last term, symmetrizing in (αβ) and
using the identity (3.15), we obtain that this singularity is proportional to
λα∂θ
α(λγmnpr)(rγ
mnpr),
which vanishes because (γmnpr)α(rγ
mnpr) = 0 as consequence of the identity
γαδm (γ
m)βγ = −
1
2
γαβm (γ
m)γδ +
1
24
γαβmnp(γ
mnp)γδ, (3.16)
which is implied by (3.15). Consider now b1(y)b2(z). The triple and higher poles come
from contractions between the second term in (3.11) with (3.12). Using the OPE algebra
for Nmn and multiplying by λαrβ(y)λγrδrρ(z), we obtain
1
(y − z)3
(λγmγn∂θ)(rγ
mpqr)(λγnpqr).
Factoring out λα from the first term, λβ from the last term, symmetrizing in (αβ) and
using the identity (3.15), we obtain that this pole vanishes.
At order r4 , we consider the OPE’s b1(y)b3(z) − (y ↔ z) and b2(y)b2(z). The
contractions in b1(y)b3(z) do not provide triple or higher order poles. The OPE b2(y)b2(z)
does contribute. It gives
1
(y − z)3
(rγmnpr)(rγ
mnqr)(λγpγqγrλ)Π
r.
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The term involving two λ is zero because the pure spinor condition. The product of
three gamma matrices can be expressed in terms of (λγmλ) plus a term proportional to
(λγmnpλ).
At order r5, the poles com from b2(y)b3(z) − (y ↔ z). The contractions here do not
provide triple or higher order poles. It remains the order r6 which come from b3(y)b3(z).
Using the OPE algebra for Nmn we obtain a fourth and a triple poles of the form
1
(y − z)4
[(rγmnpr)(λγ
pqrr)(rγmnsr)(z)(λγspqr) + (rγmnpr)(λγ
p
qrr)(rγ
mp
sr)(λγ
srnr)]
+
1
(y − z)3
[(rγmnpr)(λγ
mnqr)(rγstur)(λγ
ps
qr)N
tu + · · ·].
This expression vanishes because (λγmnpr)(λγ
mnqr) = 0 and (λγmnpr)(λγ
mqrr) = 0 as
consequence of (3.15) and the pure spinor conditions. Note that the · · · terms above
always involve the combination (λγmnpr)(λγ
mqrr) = 0.
Up to now we have proven that the OPE b(y)b(z) has a single pole only in the form
(3.14)
b(y)b(z)→
O(z)
(y − z)
,
where O is annihilated by the BRST operator (3.7), has conformal weight 3 and is primary
according to (3.6). It turns out that O can be expanded in powers of r as
O = Ω + rαΩ
α + rαrβΩ
αβ + · · ·+ rαrβrγrδrρrσΩ
αβγδρσ. (3.17)
Note that Ω, . . . ,Ωαβγδρσ are fields which depend on λα and on the minimal variables
through the supersymmetric combinations dα,Π
m, ∂θα. Note that there is no terms in-
volving derivatives of the pure spinor λα nor the non-minimal pure spinor rα. In principle
it is possible the appearance of such terms in (3.17) because they could be generated by
Taylor expansion of higher poles in the b(y)b(z) OPE. Consider terms with one factor of r
in b(y)b(z). As we already noted, the combination b0(y)b1(z) + b1(y)b0(z) is the relevant
one in this case. We see that a triple pole here will be proportional to
λα
(λλ)
(z)
λβrγ
(λλ)2
(y)γβγmnp(γ
mnpd(y))α,
which come from contractions between ∂2θα in Gα with (dγmnpd) in H
βγ. When we
perform a Taylor expansion to get a single pole we note that all the terms involving
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a factor λαλβ vanish because the first pure spinor condition in (2.8) and the identity
γmγnpqrsγ
m = 0. We obtain a single pole contribution of the following type
λα∂λβ∂rγ(γmnp)
βγ(γmnp)αδ.
Although this expression does not vanish, we will show that it can be written as an ex-
pression without derivatives on r. We first note that the γ-matrices combination here can
be written as (3.16). Then the single-pole contribution becomes proportional to
λα∂λβ∂rγ
(
γαγm (γ
m)βδ +
1
2
γβγm (γ
m)αδ
)
. (3.18)
In the first term we can use (λγm∂r) = −(∂λγmr) which is consequence of the second
pure spinor condition in (2.8). For the second term we use that (∂λγm∂r) is proportional
to (∂2λγmr) + (λγm∂
2r) because of the same pure spinor condition. When we insert this
result into (3.18), we note that this expression becomes proportional to
(∂λγmr)(γ
m∂λ)β +
1
4
(λγm∂
2λ)(γmr)β .
Similarly all the terms with potential derivatives on r can be shown to be written as
expressions without derivatives on r as consequence of the pure spinor conditions (2.8).
Note also that Nmn and J in (3.8) produce singularities when act on λα of the de-
nominators in (3.8). These contractions are single poles and are all of the form (3.17).
The BRST operator (3.7) can be written as Q = Q0 + Q1, where Q0 is the BRST
charge in the minimal pure spinor formalism and Q1 =
∮
ωαrα. The equation QO = 0 can
also be expanded in powers of r. Since Q1rα = 0 and Q1λα = rα we expand as
QO = Q0Ω+(Q1Ω−rαQ0Ω
α)+(−rαQ1Ω
α+rαrβQ0Ω
αβ)+ · · ·+rαrβrγrδrρrσQ1Ω
αβγδρσ.
(3.19)
Here Q0Ω is of order r
0, (Q1Ω − rαQ0Ω
α) is of order r1, etc... Now we will argue that
Ω is zero. The bosonic field Ω depends on two factors of λα, and on Π
m, Nmn, J, dα, ∂θ
α
and their derivatives such that the combination has conformal dimension three. After
discarding the terms which vanish because the pure spinor conditions, a possible Ω has the
form
Ω = A(λγm∂2λ) +Bλα∂λβ∂θ
α∂θβ + C(λγmnp∂λ)Π
mNnp (3.20)
+D(λγmnp∂λ)(dγ
mnpd)Πm + Eλαλβ∂θ
α∂2θβ + · · · ,
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where A,B,C, . . . are fixed by demanding Q0Ω = 0. There are more combinations in Ω
that we are not writing but, it turns out that BRST invariance does not mix them, then
all the possible terms in (3.20) must be discarded. Therefore, Ω is absent in (3.19). Now
we consider the next term in the r expansion (3.19)and similarly prove that Q0Ω
α = 0.
Construct all possible terms which are fermionic and have conformal dimension three.
Some possible terms are
Ωα = A(λγm)
α(∂2λγmd) +B(λγmnp∂λ)(γ
mnpqrd)αNqr + · · · , (3.21)
but again all possible combinations has to be discarded because BRST invariance. This
line of reasoning continues until we show that O is zero.
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